The Belousov-Zhabotinsky ͑BZ͒ reaction dispersed in water-in-oil aerosol OT ͑AOT͒ microemulsion has been studied at small radius R d of water nanodroplets (R d ͑nm͒Х0.17 , = ͓H 2 O͔ / ͓AOT͔ =9). Stationary spotlike and labyrinthine Turing patterns are found close to the fully oxidized state. These patterns, islands of high concentration of the reduced state of the Ru͑bpy͒ 3 2+ catalyst, can coexist either with "black" reduction waves or, under other conditions, with the "white" oxidation waves usually observed in the BZ reaction. The experimental observations are analyzed with the aid of a new Oregonator-like model and qualitatively reproduced in computer simulations.
I. INTRODUCTION
The Belousov-Zhabotinsky ͑BZ͒ reaction, 1,2 the catalytic periodic oxidation of malonic acid ͑MA͒ by bromate in acidic aqueous solution, is the prototype nonlinear reaction for studying chemical oscillations in a stirred tank reactor and waves in spatially extended systems ͑gels, 3 membranes, 4 mesoporous glasses, 5 and ion-exchange resins 6 ͒. The BZ reaction dispersed in water-in-oil aerosol OT microemulsion ͑BZ-AOT system͒ has been shown to be an excellent system for studying pattern formation in reaction-diffusion systems, including stationary Turing patterns, 7 oscillons, 8 and new wave patterns such as packet waves and antispirals, 9 ,10 dash waves, and segmented spirals. 11, 12 In general, global Turing patterns 13 are of three main types: hexagons, stripes ͑or labyrinthine patterns͒, or honeycombs ͑or reverse hexagons͒. All of these patterns have been observed in the chlorite-iodide-malonic acid ͑CIMA͒ reaction in a gel reactor, 14, 15 but until now only hexagons and labyrinthine patterns have been found in the BZ-AOT system. 7 Hexagons consist of "white" spots, since the patterns are typically recorded at the maximum of the absorption band of the reduced state of the catalyst ͓ferroin or Ru͑bpy͒ 3 2+ ͔, and the spots are islands of the oxidized catalyst, which has significantly less absorption and consequently transmits more light than its surroundings. "Black" spots, stationary islands of the reduced catalyst, patterns inverse to the white-spot hexagons, have not previously been observed in the BZ-AOT system.
An AOT ͓sodium bis͑2-ethylhexyl͒sulfosuccinate͔ microemulsion consists of nanometer-sized water droplets dispersed in a continuous oil ͑octane͒ phase. Each droplet is surrounded by a surfactant ͑AOT͒ monolayer. The radius of the water droplet cores is determined by the molar ratio = ͓H 2 O͔ / ͓AOT͔ and is roughly equal to R w = 0.17 ͑nm͒. 16, 17 Most of our previous experiments were performed at = 15-20. In the present set of experiments we explore smaller water droplets that form in surfactant-rich emulsions with = 9. Water molecules in such droplets are adjacent to the polar ͑SO 3 2− ͒ groups of the AOT surfactant molecules and therefore have special physical properties ͑e.g., high viscosity, small dielectric constant͒. 18 Chemical reaction rates generally change in such an environment. In preliminary experiments with the BZ-AOT system in a stirred reactor ͑CSTR͒, we found unusual oscillations at = 9, with spikes in the concentration of oxidized catalyst ͑ferriin͒ during the autocatalytic stage of the oscillations. 19 A decrease in also implies an increase in the volume fraction of surfactant s at constant volume fraction of water w since s Х 21.6 w / . As a consequence, there will be a repartitioning of bromine ͑which acts as a fast-diffusing inhibitor in the BZ-AOT system͒ between the continuous oil phase and the nanodroplets. These observations suggest that new patterns may occur at small .
In this paper we present the first experimental and theoretical results on black spots in the BZ-AOT system that can be observed either alone or accompanied by waves ͑black or white͒. In Sec. II, we briefly describe our experimental and theoretical methods. In Sec. III, we report our experimental results. In Sec. IV, we suggest a new model of the BZ-AOT system that qualitatively captures the main experimental results found in this work. In Sec. V, we discuss plausible explanations for black spots and their interactions with waves and finally link these patterns to Turing patterns that can be altered by the excitability of the BZ-AOT system.
II. MATERIALS AND METHODS
The experimental arrangement and methods are described in detail elsewhere. 7, 10, 11 Two stock microemulsions ͑ME͒, with the same molar ratio and volume droplet fraction d ͑ d = s + w ͒, were prepared by mixing 1.5 M AOT in octane with aqueous solutions of malonic acid and H 2 SO 4 ͑ME-1͒ or with NaBrO 3 and Ru͑bpy͒ 3 2+ ͑ME-2͒. The final reactive ME was obtained by mixing ME-1 with ME-2 ͑vol-ume ratio 1:1͒ and with enough additional octane to obtain the desired d . We worked mostly with microemulsions below the percolation level, as confirmed by measurements of the electrical conductivity ͑YSI 3200͒. The radius distribution of the water droplets was measured by quasielastic light scattering ͑Protein Solutions, DynaPro͒.
A small drop ͑Ϸ0.1 mL͒ of reactive ME was sandwiched between two flat glass windows separated by an annular teflon gasket ͑Zefluor membrane͒ of thickness 80 m, inner diameter 25 mm, and outer diameter 47 mm. The edges of the glass windows were sealed with teflon tape, and then the two windows were pressed together. This sandwich constitutes our reactor. Patterns in the reactor were observed through a microscope ͑SZH10, Olympus͒ in transmitted light passed through a 450 nm interference filter. The microscope is equipped with a charge-coupled device ͑CCD͒ camera ͑TM-7CN, Pulnix͒ connected to a personal computer. Snapshots and movies were recorded and analyzed with IMAGE-PRO PLUS software. The wavelength of a pattern was determined from the maximum of its fast fourier transform ͑FFT͒.
Numerical simulations of ordinary differential equations and reaction-diffusion equations were performed with the software FLEXPDE, 20 in which a Newton-Raphson iteration process is used with a variable time step and mesh. FLEXPDE refines the triangular finite element mesh and/or time step until the estimated error in any variable is less than a specified tolerance, which we chose as 10 −4 ͑or in some cases as 10 −5 ͒ at every cell of the mesh. The accuracy of FLEXPDE at a chosen tolerance was checked by comparing the parameters found for the onset of Hopf and/or Turing instability with those obtained analytically from linear stability analysis, as well as by varying the tolerance.
III. EXPERIMENTAL RESULTS

A. Turing patterns
An AOT microemulsion loaded with the components of the BZ reaction ͓sulfuric acid, sodium bromate, malonic acid, and Ru͑bpy͒ 3 ͔ generates Turing patterns in a wide range of initial reagent concentrations at = 15 and d Ͻ 0.5 ͑below the onset of percolation͒. 7, 8 At lower ͑Х9͒ with similar or identical reactant concentrations, we observe a new pattern of "black spots," which are actually islands of high concentration of the reduced catalyst Ru͑bpy͒ 3 2+ in a continuous white background of oxidized Ru͑bpy͒ 3 3+ . Figure  1 demonstrates patterns at different initial concentrations of bromate. The left column shows patterns that emerge within 1 -2 min after the first autocatalytic oxidation of Ru͑bpy͒ 3 2+ , which occurs after an induction period of 10-40 min. The middle column demonstrates the relatively stationary patterns that develop from the transient patterns in the left column. White spot Turing patterns ͑b͒ are found at small ͓NaBrO 3 ͔, while novel black spot patterns ͓͑c͒-͑f͔͒ emerge at larger ͓NaBrO 3 ͔. We also see in Fig. 1͑d͒ that black spots may be irregular in shape. Figure 1͑f͒ and its cloudy FFT show that these patterns need not have an intrinsic wavelength and that the spots may vary in size.
To understand the origin of these black spots, we first measure the conductivity of the microemulsion to check that the BZ-AOT system is still below the percolation threshold at = 9. This is indeed the case for d Ͻ 0.45 ͓Fig. 2͑a͔͒. We then analyze the behavior of the BZ-AOT system in a CSTR ͓Figs. 2͑b͒-2͑d͔͒. After an induction period, which decreases with ͓NaBrO 3 ͔, autocatalysis starts and then, depending on the bromate concentration, oscillations begin with a delay T ox ͓Fig. 2͑c͔͒. The larger ͓NaBrO 3 ͔, the longer T ox , and the system stays for a longer time in the oxidized state ͓Fig. 2͑d͔͒. Comparing the behavior of the system in our spatially extended reactor and in a stirred tank reactor, we conclude Fig.  1 ; panels ͑b͒ and ͑c͒ correspond to ͑a, b͒ and ͑e, f͒ in Fig. 1 , respectively. Period of oscillations Ϸ1 min. ͑d͒ Delay time T ox ͓see ͑c͔͒ vs ͓NaBrO 3 ͔. T ox is dependent on stirring rate and thus can vary slightly from experiment to experiment.
that black spots emerge at the time when the system first exhibits autocatalysis and stays in the oxidized state. Thus, the emergence of black spots at larger bromate concentrations is related to the fully oxidized state of the catalyst, or in other words to the oxidized state of the system.
Increasing the sulfuric acid concentration ͑from 0.24 M to 0.32 M at ͓NaBrO 3 ͔ = 0.18 M, ͓MA͔ = 0.25 M and ͓Ru͑bpy͒ 3 2+ ͔ = 3.2 mM͒ gives the same tendency: white spot Turing patterns at smaller ͓H 2 SO 4 ͔ transform to black spot Turing patterns at larger ͓H 2 SO 4 ͔. A decrease in the catalyst concentration ͑from ͓Ru͑bpy͒ 3 2+ ͔ = 4 mM to 3.2 mM at ͓NaBrO 3 ͔ = 0.18 M, ͓H 2 SO 4 ͔ = 0.32 M, and ͓MA͔ = 0.25 M͒ brings the system from white spot to black spot Turing patterns. These dependences are in agreement with our model ͑10͒ and ͑11͒ described below and with the response of the model to the parameter m ͓see Eq. ͑17͒ below͔. In all the above-mentioned experiments, emergence of black spots in the spatially extended reactor is accompanied by an increase in the time T ox in the CSTR.
Decreasing the malonic acid concentration from 0.4 M to 0.1 M results in an increase of the Turing wavelength by a factor of 2 ͓Fig. 3͑a͔͒ but no significant change in T ox . The wavelengths are obtained from patterns, such as those in the middle columns of Fig. 1 , observed within 5 min after the first patterns emerge. At high ͓MA͔ ͑Ͼ0.15-0.2 M͒ waves also develop; we discuss wavepattern interaction later. At smaller ͓MA͔ ͑0.1-0.15 M͒, Turing patterns are extremely stable against waves: no waves emerge in the layer, though bulk oscillations occur in a CSTR ͑see Fig. 4͒ . The Turing patterns survive for about 3 h, evolving somewhat with time in our batch reactor, as neighboring black spots merge and the pattern's wavelength increases ͓Fig. 4͑d͔͒, for example, from 0.5 mm ͓Fig. 4͑a͔͒ to 1 mm ͓Fig. 4͑c͔͒ after ca. 1.5 h. The stability of black spot Turing patterns at small ͓MA͔ may result from the fact that the steady state of the system is close to the fully oxidized state during the entire period of observation ͑3 h͒. As is seen from the kinetics in a CSTR ͓Fig. 4͑e͔͒, oscillations cease at the oxidized state of the system ͑final absorption Ϸ0.2͒, while at larger ͓MA͔ ͑Ͼ0.15 M͒ oscillations conclude at the reduced state ͑final absorptionϷ 0͒.
We also studied how the emergence of black spots depends on droplet fraction. An increase in d from 0.35 to 0.5 ͑at =9, ͓NaBrO 3 ͔ = 0.24-0.3 M, ͓H 2 SO 4 ͔ = 0.32 M, ͓MA͔ = 0.25-0.3 M, and ͓Ru͑bpy͒ 3 2+ ͔ =4 mM͒ results in a transition from black spots to white spots or labyrinthine Turing patterns. In all cases, the wavelength of the Turing patterns ͑black or white spots͒ decreases with d ͓Fig. 3͑b͔͒. At even larger d ͑0.6-0.7͒, above the onset of percolation, no stationary patterns could be found, and only waves were observed.
The dependences of the wavelength of Turing patterns on ͓MA͔ ͓Fig. 3͑a͔͒ and d ͓Fig. 3͑b͔͒ and the time dependence shown in Fig. 4͑d͒ ͑note that ͓MA͔ decreases with time͒ suggest that one of the most important parameters affecting is the bulk concentration of malonic acid, which is equal to d ͓MA͔.
As Fig. 1 shows, a moderate increase in ͓NaBrO 3 ͔ ͑or in ͓H 2 SO 4 ͔͒ leads to black spot patterns with a characteristic wavelength ͑about 0.35 mm͒ ͓Fig. 1͑d͔͒, but further increase in ͓NaBrO 3 ͔ yields black spot patterns without a characteristic wavelength ͓Fig. 1͑f͔͒, as seen also from the blurred ring of the corresponding FFT. In general, patterns without an intrinsic wavelength can be considered as a set of localized stationary patterns. The latter can emerge via a subcritical Turing instability or bistability. In the case of a subcritical Turing instability, the system should be very sensitive to local perturbations, for example, due to small dust particles. Our previous experiments with dash waves 11 suggest that, in order to be bistable in a closed reactor, the BZ-AOT system should possess two different pools of water nanodroplets with significantly different radii. To choose between these alternatives, we performed experiments with dust particles and with quasielastic light scattering.
Light scattering experiments revealed that an AOT microemulsion loaded with the BZ reactants ͓͑NaBrO 3 ͔ Х͓H 2 SO 4 ͔Х0. has only a single narrow peak in the intensity of scattered light as a function of the droplet radius. Thus we have a monodisperse microemulsion, which suggests that the BZ-AOT system has only one steady state.
Small dust particles are inevitably present in the BZ-AOT system. To eliminate these particles we first carried out a simple filtration of the microemulsion through a 0.2 m teflon filter, as we usually do in our light scattering experiments. We then carefully cleaned the surfaces of the glass windows. Some dust particles, probably precipitate formed in a reaction of the catalyst with bromine, 21 are firmly adsorbed on the windows and require removal with several solvents ͑e.g., ethanol, acetone͒. Even such thorough cleaning procedures did not allow us to eliminate dust particles completely, but did significantly reduce their number.
In Fig. 5 we show black spots in two microemulsions with the same composition at high concentrations of bromate with ͓Fig. 5͑a͔͒ and without ͓Fig. 5͑b͔͒ the above cleaning/ filtration procedures. After the induction period, black spots emerge only around the dust particles ͑which are about 40 m in diameter͒. The microemulsion with fewer dust particles has a smaller number of black spots. Thus at larger concentrations of bromate ͑or sulfuric acid͒, the BZ-AOT system becomes more sensitive to dust particles ͑local large perturbations͒. Note that the black spots here are almost circular and are approximately equal in size ͑Ϸ0.2 mm diameter͒. This observation suggests that the irregular shape of the black spots in Fig. 1͑d͒ is connected with irregular prepatterns ͓Fig. 1͑c͔͒ that emerge immediately after the first autocatalytic transformation of the catalyst from the reduced to the oxidized state.
B. Turing patterns in combination with waves and oscillations
Another interesting phenomenon found in this system is the interaction between black spots and waves or bulk oscillations ͑presumably, Turing-Hopf and/or Turing-excitability interactions͒. We observed two types of waves in our system: reduction ͑or black͒ waves at early stages in the life of black spot patterns ͓Fig. 6͑a͔͒ and white waves ͑waves of oxidation typically observed in the aqueous BZ reaction͒ at later stages ͓Fig. 6͑b͔͒ or, at larger concentrations of bromate ͓Figs. 5͑c͒ and 5͑d͔͒, shortly after the appearance of black spots. In the last case, reduction waves do not appear at all. The emergence of black waves in a thin layer and the start of bulk oscillations in a CSTR occur at approximately the same time; thus it is most likely that these waves arise from a Hopf instability rather than excitability. Since the oscillations start and end abruptly at large amplitude ͓Figs. 2͑c͒ and 4͑e͒, respectively͔, the transition between the oxidized steady state and the oscillatory regime appears to be subcritical.
Black reduction waves were found in the aqueous BZ reaction at low ͓MA͔ / ͓NaBrO 3 ͔ ratios, 22, 23 but have not been observed previously in the BZ-AOT system. The reduction waves we find here have an ill-defined width and a steep trailing front. An unprecedented phenomenon found in this system is the propagation of black waves, as well as white waves, through Turing patterns ͑Fig. 6͒. To see more clearly what happens in the system, we extract a space-time plot from a recorded movie using pixels along a line segment parallel to the direction of wave propagation and crossing several black spots. In a typical space-time plot ͓Fig. 6͑c͔͒, stationary black spots are represented by vertical black bands. Only stationary black spots are seen in the reactor for the first 5 min after their emergence. Then, black waves appear and propagate at about 50 m / s, significantly faster than white trigger waves in the BZ-AOT system, which have speeds of 2 -10 m/s. 7, 12 As seen in Fig. 6͑c͒ , black spots maintain their positions during the passage of the broad black waves despite the fact that we temporarily lose information about the location of the spots while the waves are passing through them. Figure 6͑c͒ also shows that black spots do not oscillate during the passage of black waves. The black spots are essentially ͑within the accuracy of our experiment͒ stationary during the propagation of black waves.
Black waves can be observed only for a few minutes, when the system is very close to the fully oxidized state. Then, black waves gradually transform to white waves, and after ca. 5 -7 min we clearly see white waves propagating through the still stationary black spots ͓Fig. 6͑b͔͒. The velocity of these white waves is about 17 m / s, which is still higher than that of trigger waves. The propagation of waves through stationary black spots resembles the behavior of trigger waves in the presence of small obstacles. If the linear size of the obstacle is small, as in our case, the wave proceeds unchanged. Large obstacles cause waves to break, giving rise to spirals. The difference is that our medium is homogeneous and our "obstacles" are islands of reduced catalyst. Theoretical questions about how and under what circumstances waves are able to propagate through Turing structures will be discussed below. After the appearance of white waves, the black spots slowly fade out as the vertical black stripes in Fig. 6͑c͒ vanish. Finally ͓bottom of Fig. 6͑c͔͒ we observe only thin white spiral waves with velocities around 12 m/s.
At larger bromate concentrations, we find another scenario for the emergence of white waves. As shown in Figs. 5͑c͒ and 5͑d͒, after a stationary period black spots start to emit white circular waves. Figure 5 clearly demonstrates that the simultaneous presence of black spots and white waves is possible if the stationary steady state of the system ͑gray background͒ lies between the fully reduced and fully oxidized states, so that the catalyst in the black spots is between the fully reduced state ͑black͒ and the background ͑gray͒, while in the areas occupied by white waves, the catalyst concentration is between the background and the fully oxidized ͑white͒ levels. Figure 2͑c͒ suggests that the steady state indeed lies between the fully reduced and fully oxidized states, since the concentration during the period T ox corresponds to the pseudosteady state.
Note also that black spots remain clearly visible when white waves pass through them. In areas between two waves ͑on the gray background͒ black spots are seen only at the early stages of white waves for several minutes after the waves' emergence. At later stages, black spots become nearly invisible on the gray ͑almost black͒ background, as in Fig.  6͑b͒ . We interpret this behavior as arising from the continuously changing steady state level, which approaches the reduced steady state of the catalyst ͓see also Fig. 2͑c͔͒ .
As shown in Fig. 1͑a͒ , black spots can be transformed into white spots ͑we use the term "spot" here for any small isolated area regardless of its shape-round, elongated, or even short stripes͒, by decreasing ͓NaBrO 3 ͔. This transition is also favored by increases in ͓Ru͑bpy͒ 3 ͔, as well as in d . Making small corresponding changes in the concentrations of these reactants and d and holding ͓H 2 SO 4 ͔ constant and ͓MA͔ above 0.15 M, we obtained first black spots ͓"labyrinthine" on a white background, Fig. 7͑a͔͒ that quickly transformed to a "white labyrinth" with continuous black background ͓Fig. 7͑b͔͒. After about 30 min, the white spots begin to oscillate ͓Figs. 7͑c͒-7͑e͔͒ with a period T Ϸ 1 min. The period of the corresponding CSTR oscillations is 1.3 min.
Two antiphase snapshots separated in time by T / 2 are shown in Figs. 7͑c͒ and 7͑d͒ . In the corresponding movie, these oscillations look like very fast phase ͑or kinematic͒ waves moving chaotically in different directions, since oscillations in different parts of the reactor are not synchronized. But, unlike the continuous waves in Fig. 6 that pass through or between black spots, the very fast phase waves in Fig. 7 are not continuous. The black background is stationary ͑within the accuracy of our CCD camera͒ and never becomes white. Therefore this behavior consists not of waves but of oscillatory Turing patterns. In experiments with another oil ͑tetradecane͒ at almost the same reactant concentrations as in Fig. 7 ͓͑NaBrO 3 ͔ = 0.24 M , ͓Ru͑bpy͒ 3 2+ ͔ = 3.2 mM, =10, d = 0.28͒, we observed Turing patterns that oscillated synchronously ͑without phase waves͒ in a large area, about 6 ϫ 5 mm 2 . Comparison of Figs. 6 and 7, particularly the time-space plots 6͑c͒ and 7͑e͒, and the fact that concentrations of reactants and d are quite similar in the two experiments suggests that the oscillatory white-spot Turing patterns and the waves propagating through black-spot Turing patterns are related phenomena.
IV. THEORETICAL CONSIDERATIONS
In this section we present a qualitative description of the observed patterns on the basis of a simple model. The BZ- 24 describes the chemistry of the BZ system quite well, but contains a large number of variables. The Oregonator model 7, 25 for the BZ reaction is simple, but does not explicitly take into account the catalyst concentration and cannot explain phenomena occurring at the oxidized state of the catalyst, like reduction waves. 23 This is a severe limitation for studying the phenomena of interest here, since black spots emerge at large concentrations of bromate and/or sulfuric acid, when the system is in the fully oxidized state.
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A model that nicely describes oscillations close to the oxidized state 26 has been applied successfully to explain collision-stable reduction waves, 27 which we also observed in our experiments. This many-variable model, however, is still quite complex and time consuming for simulations of the spatially extended BZ-AOT system. We have therefore developed a new Oregonator-like model with just one additional phenomenological term that shuts down the autocatalytic reaction when the concentration of oxidized catalyst approaches its total concentration. This model is based on the following chemical equations:
where A = BrO 3 − , B is a mixture of malonic and bromomalonic acids, X = HBrO 2 , Y =Br − , red is the reduced state of the catalyst, and Z is its oxidized state ͓͑red͔ + ͓Z͔ϵC 0 ͒, h is a stoichiometric coefficient, k 3 Ј and 3 ͓the rate of reaction ͑3͔͒ depend on ͓red͔ as
where c Ӷ C 0 , the total catalyst concentration. If ͓red͔ ӷ c, 
where
rate equations for ͑1͒-͑5͒ with diffusion terms take the form ‫ץ/‪x‬ץ‬ = ͑1/͓͒͑q − x͒fz/͑q + x͒
where the quasistationary state approximation dy / d = 0 has been made. The diffusion coefficients D x and D z are also dimensionless, and only their ratio is important. The Laplacian ⌬ ϵ ‫ץ‬ 2 / ‫ץ‬r 2 in 1D and ⌬ ϵ ‫ץ‬ 2 / ‫ץ‬x 2 + ‫ץ‬ 2 / ‫ץ‬y 2 in 2D, where r, x, and y here represent spatial coordinates.
Equations ͑10͒ and ͑11͒ have only a single steady state. They correctly reproduce the oscillatory behavior near the fully oxidized state of the catalyst ͓Fig. 8͑a͔͒ found in previous experiments. 26 For modeling the BZ-AOT system, Eqs. ͑10͒ and ͑11͒ can be extended by introducing a fast-diffusing activator ͑s, BrO 2 * radical͒ and a fast-diffusing inhibitor ͑u ,Br 2 ͒ in the oil phase: The parameter f depends on the ratio between the bromomalonic and malonic acid concentrations and should increase with time in our batch experiment, since initially there is no bromomalonic acid, so f = 0. Thus we assume that f is small when we are looking for black spots in the model. As a first step in investigating the dynamical behavior of system ͑10͒ and ͑11͒, we carried out a linear stability analysis and constructed dispersion curves, like those shown in Fig. 8͑d͒ . An eigenvalue ⌳ of the Jacobian matrix of Eqs. ͑10͒ and ͑11͒ with Re͑⌳͒ =0, Im͑⌳͒ 0 at k = 0 implies the supercritical onset of a Hopf instability. If Re͑⌳͒ = 0 and Im͑⌳͒ =0 at k 0, we have the onset of a Turing instability ͑also supercritical͒. Typical dynamical behavior of system ͑10͒ and ͑11͒ in the -m parameter plane at small f is shown in Fig. 8͑c͒ . Depending on D z / D x , the Turing line ͑onset of Turing instability͒ can lie above or below the Hopf line, but the two lines are always nearly parallel. The slope of these lines in logarithmic coordinates is about −0.3. If we increase, e.g., bromate ͓͑A͔͒, as in the experiments shown in Fig. 1 , decreases as ͓A͔ −1 and m increases as ͓A͔ 2 , in accord with Eqs. ͑16͒ and ͑17͒. Since the slope of ln͓A͔ 2 vs ln͓A͔ −1 is −2, i.e., significantly less than −0.3, an increase in ͓A͔ pushes the system toward the steady state domain, as we find in experiment. Thus this simple test of model ͑10͒ and ͑11͒ is consistent with our experimental results.
‫ץ/‪z‬ץ‬
Examples of hexagonal black spots are shown in Figs. 9͑a͒ and 9͑d͒. At f Ϸ 1.2 ͓Figs. 9͑a͒ and 9͑b͔͒, the Turing instability is supercritical. If Re͑⌳͒ decreases below zero at k = k T ͓k T is the wave number at which the Turing peak reaches its maximum, i.e., at which Re͑⌳͒ is the most positive, k T Ͼ 0͔ because of, e.g., an increase in m, we observe a slow disappearance of Turing patterns. Increasing a positive Re͑⌳͒, e.g., by increasing D z or decreasing m, leads to transformation of black spots into stripes ͓Fig. 9͑b͔͒.
At smaller f, around 0.8, the Turing instability is subcritical, and Turing patterns that emerge at positive Re͑⌳͒ survive at negative Re͑⌳͒, or can be induced locally from the homogeneous steady state by a sufficiently large initial perturbation ͓Fig. 9͑c͔͒. These localized Turing patterns are analogous to those found theoretically by Jensen et al. 27, 28 in the Lengyel-Epstein model 29 of the CIMA reaction or those found in a model of the BZ-AOT system when the steady state is close to the fully reduced state of the catalyst. 8 Note that in the latter case the localized patterns are white spots. If we decrease m ͑equivalent to a decrease in ͓BrO 3 − ͔ in the experiment͒, black spots start to occupy the entire area ͓Fig. 9͑d͔͒.
The Turing wavelength T ͑ T =2 / k T ͒ calculated with model ͑10͒ and ͑11͒ increases slightly with ͓MA͔, in contradiction to the experimental data shown in Fig. 3͑a͒ . We attribute this discrepancy to the fact that the model neglects the Model ͑10͒ and ͑11͒ possesses a solution for oscillatory Turing patterns due to Turing-Hopf interaction and can therefore mimic the interaction between black or white Turing spots and waves or oscillations. If the Turing peak in the dispersion curve ͓like those shown in Fig. 8͑d͔͒ is too large, only stationary Turing patterns are found. Oscillatory Turing patterns emerge at the smaller Re͑⌳͒ shown in Fig. 8͑d͒ . Figure 10 shows two different types of oscillatory Turing patterns in 1D found at system parameters corresponding to the dispersion curves in Fig. 8͑d͒ . Figure 10͑a͒ demonstrates patterns in which all peaks oscillate synchronously and are fixed in space. In accord with the terminology introduced by DeWit et al., 30 these patterns are referred to as mixed mode. In-phase oscillations of all Turing peaks start supercritically as we gradually decrease Re͑⌳͒ at k = k T in the dispersion curves ͓e.g., by decreasing D z ͑Ref. 31͔͒. Figure 10͑b͒ demonstrates patterns in which odd and even peaks oscillate antiphase, a subharmonic mode. 30 This mode emerges at still smaller Re͑⌳͒, as shown in Fig. 8͑d͒, curve 2r .
The transition of the Turing peaks from in-phase oscillations to out-of-phase oscillations occurs through a behavior that we characterize as "chaoticlike," since chaos is not welldefined in spatially extended systems. Here, chaoticlike means that in a range of the parameter D z ͑Ϸ2.8-3.0, all other parameters as in Fig. 10͒ the pattern oscillates aperiodically in time with no long-range spatial correlation. We measured long time sequences at many spatial points. As shown in Fig. 11 , for D z = 3.2 and D z = 2.72, the FFTs of these sequences have well-defined peaks at multiples of the fundamental frequencies 2.637 and 1.4648 Hz, respectively ͑if the dimensionless time is measured in seconds͒ at all spatial points examined. For D z = 2.80, 2.85, 2.9, and 3.0, the FFT spectra appear noisy, lose their simple harmonic structure, and differ at different spatial points. More significantly, we calculated correlation functions for time sequences measured at pairs of spatial points separated by a distance d. A theoretical interpretation of the mixed and subharmonic modes remains elusive. The subharmonic mode is expected to emerge as the result of a resonance between a subharmonic Hopf mode at k = k 1/2 ͓defined as Im͑⌳ , k = k 1/2 ͒ = ͑1/2͒ Im͑⌳ , k =0͒, see horizontal dashes in Fig. 8͑d͔͒ and a Turing mode at k T . Thus we should have 2k 1/2 Х k T . For the subharmonic mode, however, 2k 1/2 is significantly larger than k T , and Re͑⌳͒ at k =2k 1/2 is negative. On the other hand, for the mixed mode, the relation 2k 1/2 Х k T is approximately true. Note also that in both cases k T / 2 is in the range of wave numbers in which Im͑⌳͒ 0 ͓see vertical dashes in Fig.  8͑d͔͒ . It is worth noting also that out-of-phase oscillations of Turing peaks can occur even when Re͑⌳͒ Ͻ 0 at k =0 ͓but Re͑⌳͒ Ͼ 0 at k = k T ͔ due to either excitability or subcriticality of the Hopf instability at some f. Another explanation of mixed and subharmonic modes 32 involves Floquet multipliers that can be calculated for the homogeneous limit cycle as a function of the wave number k.
Subharmonic modes can give rise to a variety of patterns in 2D. Twinkling hexagons, first found theoretically as a resonant interaction between wave and Turing instabilities, 33 and oscillatory labyrinthine patterns are shown in Fig. 12 .
At small f͑Ͻ1.2͒, there is a large area in the parameter space ͑m , f , ; q = 0.001, 1 = 0.01͒, where the Hopf bifurcation is subcritical and the steady state is close to the fully oxidized state. In this region, model ͑10͒ and ͑11͒ produces reduction waves when the catalyst diffusion coefficient D Z is smaller than D X and significantly smaller than the critical value at which Turing instability emerges. time, since the trailing front propagates faster than the leading front until the wave reaches a stationary shape ͑space coordinate 70-90͒, which depends on m , f, , and D Z / D X . The shape of the corresponding temporal oscillations for the 0D system can be seen in Fig. 13͑b͒. Comparing Figs. 13͑b͒ and 13͑a͒, we observe that the time profile for the oscillations and the spatial profile of the newly emerged wave are identical.
Simulations show that the reduction waves require D Z Ͻ D X , while Turing patterns can be found in model ͑10͒ and ͑11͒ only at D Z Ͼ D X . Reduction waves found earlier in other models of the BZ reaction also require the relation
27 Thus, a more complex model, perhaps model ͑12͒-͑15͒, will be required to explain propagation of waves ͑reduction and/or oxidation͒ through Turing patterns.
The last phenomenon we consider is the interaction of Turing instability with excitability or subcritical Hopf instability. Turing patterns can develop from the steady state close to the fully reduced state ͑white spots at large f͒ or from the fully oxidized state ͑black spots at small f͒. In model ͑10͒ and ͑11͒, at large f ͑and consequently at small product z SS m͒, the system is nearly independent of m and behaves like the classical Oregonator model. Due to excitability or subcritical Hopf instability of the system in 0D, Turing instability can lead to unusual patterns with several characteristic wavelengths in the BZ-AOT system ͑Fig. 14͒. The Turing instability causes a small initial deviation from the steady state to grow. If this deviation crosses a threshold, excitability, rather than the Turing mode, amplifies this deviation, leading to a large, broad peak of catalyst that serves as an inhibitor in the two-variable Oregonator model. Catalyst concentrations exceed the steady state ͑z SS = 0.025 79͒ at all spatial points. In normal Turing patterns, the maxima and minima of all variables lie above and below the steady state levels, respectively. The broadly distributed inhibitor in this system suppresses patterns in the neighborhood of the initial disturbance, and finally we observe in 1D stationary patterns with a very large wavelength ͓Figs. 14͑a͒ and 14͑b͔͒, about three Turing wavelengths. We stress that, in analyzing dynamical patterns, it is important not only to determine the type of instability ͑Turing, Hopf or finite wavelength Hopf͒ that destabilizes the homogeneous steady state, but also to understand what processes stabilize the resulting patterns.
In 2D, we observe patterns with two different wavelengths ͓Figs. 14͑e͒-14͑h͔͒. If we perturb an initial narrow vertical stripe, Turing spots first emerge with the characteristic Turing wavelength ͓Fig. 14͑c͔͒. Then, these spots split into two ͓Fig. 14͑d͔͒ before distant spots emerge ͓Fig. 14͑e͔͒ with the same wavelength as in 1D. Finally, after a long period of time, a stationary structure is established ͓Fig. 14͑g͔͒. In larger systems ͓Fig. 14͑h͔͒, we find patterns with significantly different distances between neighboring spots. This last case is extremely time consuming to simulate, and we were able to calculate only a relatively short period of time ͑up to t =21͒. Similar behavior can occur with Turing patterns in a BZ-AOT system close to the oxidized state and possessing a subcritical Hopf instability. Figure 15 shows Turing patterns ͑black spots͒ in system ͑10͒ and ͑11͒ when the steady state is close to the fully oxidized state. When we apply a smallamplitude random initial perturbation to the steady state, Turing patterns with the theoretically predicted wavelength ͑ T = 8.64͒ start to grow ͓Fig. 15͑a͔͒. Some peaks grow faster than others ͓Fig. 15͑c͒, curve 2͔ and significantly affect the wavelength of neighboring peaks ͓Fig. 15͑c͒, curve 3͔. All Turing peaks emerge in a relatively short time ͑⌬t Х 15 between curves 1 and 3͒, and we can observe Turing patterns with different wavelengths for an extended interval ͑⌬t Х 200͒. The peaks of these patterns slowly drift and rearrange, ultimately forming stationary Turing patterns ͓Fig. 15͑b͔͒ with a wavelength of about 12.3. If we make a large perturbation of the same system at one edge, Turing patterns with wavelength 14.5 emerge ͓Fig. 15͑d͔͒. All values of z in these patterns are below the steady state ͓as in Fig. 14͑b͒ , except that there z lies above the steady state͔.
We see that the wavelength of the final patterns depends on the initial perturbation and can deviate significantly from the theoretically predicted Turing wavelength T , depending on the parameters of the system. This theoretical finding suggests an explanation for the fact that the Turing patterns in some of our experiments do not form regular hexagons and that their wavelength can vary from spot to spot, giving a "cloudy" FFT.
V. DISCUSSION AND CONCLUSION
We have found a series of stationary patterns in surfactant-rich microemulsions with small nanodroplet radii at Х 9. At low bromate or sulfuric acids concentrations, the usual white spots appear. At higher concentrations, a new phenomenon, black spots, emerges. At still larger concentrations of bromate these black spots become irregular, without an intrinsic wavelength. In general, such patterns can arise in several ways. Three possible mechanisms are ͑1͒ subcritical Turing instability with negative Re͑⌳͒ at k = k T , ͑2͒ Turing instability with a broad Turing peak spanning a large enough range of wave numbers to induce interacting ͑subharmonic͒ modes, and ͑3͒ bistability between steady states.
Usually, the BZ reaction has only one steady state, but in freshly prepared microemulsions, two pools of nanodroplets with different radii can emerge. 11 Interaction between these pools can lead to bistability. Our light scattering experiments reveal, however, that for the small used here, even freshly prepared microemulsions have a monodisperse distribution of droplet radii at small droplet fraction ͑below the percolation threshold͒. Thus we do not have evidence for bistability.
Choosing among mechanisms ͑1͒ and ͑2͒, we found strong evidence in support of option ͑1͒. First, our experimental results reveal that the BZ-AOT system at large bromate concentrations ͑irregular black spots͒ is very sensitive to dust particles. Special filtration and cleaning the surface of glass windows significantly decreases the number of black spots. Theoretical analysis with model ͑10͒ and ͑11͒ shows that localized Turing spots due to subcritical Turing instability are possible. In this case, spots can emerge anywhere and do not necessarily have a characteristic wavelength. Localized black spots are analogous to the white localized spots found recently at the opposite side of the oscillatory domain, close to the boundary with the reduced catalyst steady state. 8 We have found that malonic acid strongly affects the Turing wavelength . Our experiments suggest that ϳ͓MA͔ −1/2 . This dependence can be attributed to the diffusion wavelength of Br 2 , l d Х͑D / k͒ 1/2 , where k is the characteristic reaction rate constant for disappearance of Br 2 , for example, by reaction with MA; thus k = kЈ͓MA͔ ͑kЈ =29 M −1 s −1 in the aqueous phase 34 ͒. We have also found oscillatory Turing patterns and black spot Turing patterns through which black reduction and white oxidation waves can propagate. Though these patterns resemble one another in some respects, oscillatory Turing patterns can be explained by the simple two-variable model ͑10͒ and ͑11͒, while waves propagating through Turing patterns require a more complex model. We believe that model ͑10͒ and ͑11͒ is a good building block for a more detailed model of the BZ-AOT system.
Although Turing-Hopf interaction ͑more precisely, interaction between instabilities leading to spatial or temporal symmetry breaking͒ is well documented in physical systems ͑e.g., fluid convection͒, [35] [36] [37] [38] there are only a few experiments in chemical systems where this interaction has been studied. 39, 40 All of these experiments were performed on the CIMA reaction in a CFUR, in which a gradient of concentrations in a direction perpendicular to the gel layer is inevi- table. These patterns, which are a combination of stationary Turing spots and propagating phase waves, can be interpreted 41 in terms of two sublayers or planes ͑the top and bottom of the reactive gel layer͒, one of which contains only Turing patterns, while the other one supports waves. The experiments described here with oscillatory Turing patterns ͑Figs. 6 and 7͒ provide the strongest experimental evidence to date of the Turing-Hopf interaction in chemical systems, since our batch reactor is homogeneous and essentially gradient-free.
With the identification of the black-spot Turing patterns and related phenomena described here, the gallery of patterns in the BZ-AOT system is becoming more complete. Further research is needed on pattern formation in other hitherto unexplored regions in the space of microemulsion structures.
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